Abstract. In this paper, we give complex geometric descriptions of the notions of algebraic geometric positivity of vector bundles and torsion-free coherent sheaves, such as big (dd-ample at some point) and weakly positive, by using singular Hermitian metrics. Moreover we study a Lelong number of a singular Hermitian metric of a vector bundle defined by Berndtsson. We define the non Kähler locus of a vector bundle, which is a higher rank analogy of Boucksom's non Kähler locus of a line bundle, and we prove the non Kähler locus is equal to an argumented base locus of a vector bundle.
Introduction
In [Kod] , Kodaira proved that a line bundle L is ample if and only if L has a smooth Hermitian metric with positive curvature. After that, Demailly [Dem2] gave complex geometric descriptions of nef, big and pseudo-effective line bundles. For example, he proved that a line bundle L is pseudo-effective if and only if L has a singular Hermitian metric with semipositive curvature current. Ample, nef, big and pseudo-effective are notions of algebraic geometric positivity. Thus, their works related algebraic geometry to complex geometry.
The aim of this paper is to give complex geometric descriptions of notions of algebraic geometric positivity of vector bundles and torsion-free coherent sheaves. Griffiths [Gri] proved that if a vector bundle E has a Griffiths positive metric, then E is ample (i.e. O P(E) (1) is ample ). The inverse implication is unknown, that is, we do not know whether an ample vector bundle has a Griffiths positive metric. This is so-called Griffiths' conjecture, which is one of longstanding open problems. In recent years, Liu, Sun and Yang [LSY] gave a partial answer to this conjecture. Theorem 1.1. [LSY, Theorem 1.2 and Corollary 4.6 ] Let X be a smooth projective variety and E be a holomorphic vector bundle on X. If E is ample, then there exists k ∈ N >0 such that S k (E) has a Griffiths (Nakano) positive smooth Hermitian metric.
Throughout this paper, we will denote by S k (E) the k-th symmetric power of E and denote by N >0 the set of positive integers.
Inspired by their works, we study notions of algebraic geometric positivity of vector bundles by using smooth and singular Hermitian metrics. Theorem 1.2. Let X be a smooth projective variety and E be a holomorphic vector bundle on X.
(1) E is nef (i.e. O P(E) (1) is nef) iff there exists an ample line bundle A on X such that S k (E) ⊗ A has a Griffiths positive smooth Hermitian metric for any k ∈ N >0 . (2) E is V-big (dd-ample at some point) iff there exist an ample line bundle A and k ∈ N >0 such that S k (E) ⊗ A −1 has a Griffiths semipositive singular Hermitian metric.
(3) E is pseudo-effective (weakly positive in the sense of Nakayama) iff there exists an ample line bundle A such that S k (E) ⊗ A has a Griffiths semipositive singular Hermitian metric for any k ∈ N >0 . (4) E is weakly positive in the sense of Viehweg iff there exist an ample line bundle A and a proper Zariski closed set Z such that S k (E) ⊗ A has a Griffiths semipositive singular Hermitian metric h k for any k ∈ N >0
and the Lelong number of h k at x is less than 2 for any x ∈ X \ Z and any k ∈ N >0 .
We will explain the definitions of V-big, dd-ample at some point, and weakly positive in the sense of Nakayama (Viehweg) in Section 2.
Next, we study torsion-free coherent sheaves. Just like the case of vector bundles, we give complex geometric descriptions of big or weakly positive torsion-free coherent sheaves. Throughout this paper, we will denote by S k (F ) the k-th symmetric power of F and denote by S k (F ) the double dual of the sheaf of S k (F ). Theorem 1.3. Let X be a smooth projective variety and F 0 be a torsion-free coherent sheaf on X. Nef, V-big and weakly positive are notions of algebraic geometric positivity of vector bundles and torsion-free coherent sheaves. In particular, Viehweg [Vie1] proved that a direct image sheaf of an m-th relative canonical line bundle f * (mK X/Y ) is weakly positive in the sense of Viehweg for any fibration f : X → Y. By using this result, he studied Iitaka's conjecture.
A Griffiths semipositive singular Hermitian metric, which is a analogy of a singular Hermitian metric of a line bundle and a Griffiths semipositive metric, was investigated in many papers (see [BP] , [deC] , [Hos] , [HPS] , [Ina] , [Iwa2] , and [Rau] ). In particular, Pȃun and Takayama [PT] proved that f * (mK X/Y ) can be endowed with a Griffiths semipositive singular Hermitian metric for any fibration f : X → Y. Recently by using this result, Cao and Pȃun [CP] proved Iitaka's conjecture when the base space is an Abelian variety. Therefore, Theorem 1.2 and Theorem 1.3 also relate algebraic geometry to complex geometry.
Finally we also study the Lelong number of a singular Hermitian metric of a vector bundle, defined by Berndtsson [Ber2] . We define another Lelong number type invariant of a singular Hermitian metric of a vector bundle. Moreover, by using the Lelong number, we define the non Kähler locus of a vector bundle, which is a higher rank analogy of the non Kähler locus of a line bundle defined by Boucksom [Bou] . We prove the non Kähler locus of a vector bundle is equal to the argumented base locus of a vector bundle, defined in [BKKMSU] .
The organization of this paper is as follows. In Section 2, we briefly recall the standard facts and results. In Section 3, we study a relationship between a metric of O P(E) (1) and a metric of E by using the methods and results of [PT] and [LSY] . In Section 4, we prove Theorem 1.2. By the results of Section 3, for a weakly positive vector bundle E, we show that S k (E) ⊗ A can be endowed with a Griffiths semipositive singular Hermitian metric. For the proof of the inverse implication, we use the methods of [Iwa1] and [Tak] . As an application, we give Cutkoskytype criterion of V-big and pseudo-effective vector bundles. In Section 5, we study torsion-free coherent sheaves by the method in [PT] . In Section 6, we define a new Lelong number of a singular Hermitian metric of a vector bundle and study relationship between this Lelong number and the Lelong number defined by Berndtsson [Ber2] . In Section 7, we define the non Kähler locus of a vector bundle by using the new Lelong number. By using the methods of Section 4 and Hosono's singular Hermitian metric induced by global sections [Hos] , we prove a non Kähler locus is equal to an argumented base locus.
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Definition and related results
2.1. Algebraic positivity of vector bundles. We review dd-ample and weakly positive.
Definition 2.1. [Vie1] [Vie2] [Nak] Let X be a smooth projective variety and E be a holomorphic vector bundle on X.
(1) E is dd-ample at x ∈ X ( "ample modulo double-duals" ) if there exist b ∈ N >0 and an ample line bundle A on X such that S b (E) ⊗ A −1 is globally generated at x.
(2) E is weakly positive at x ∈ X if for any a ∈ N >0 and for any ample line bundle A, there exists b ∈ N >0 such that S ab (E) ⊗ A b is globally generated at x. (3) E is weakly positive in the sense of Nakayama if there exists a point x ∈ X such that E is weakly positive at x. (4) E is weakly positive in the sense of Viehweg if there exists a Zariski open set U ⊂ X such that E is weakly positive at any x ∈ U.
Remark 2.2.
(1) If E is dd-ample at some point, then there exists a Zariski open set U such that E is dd-ample at any x ∈ U.
(2) If E is weakly positive in the sense of Nakayama, then there exists a family {Z i } i∈N >0 of proper Zariski closed sets such that E is weakly positive at any x ∈ X \ ∪ i Z i .
2.2.
Argumented base locus and restiricted base locus. We review some of the standard facts of argumented base locus and restiricted base locus of vector bundles.
Definition 2.3. [BKKMSU, Section 2] Let X be a smooth projective variety and E be a holomorphic vector bundle. The base locus of E is defined by
and the stable base locus of E is defined by
Let A be an ample line bundle. We define the argumented base locus of E by
and the restricted base locus of E by
We point out B + (E) and B − (E) do not depend on the choice of the ample line bundle A by [BKKMSU, Remark 2.7] .
In this paper, we will denote by π : P(E) → X the projective bundle of rank one quotients of E and by O P(E) (1) the universal quotient of π * E on P(E). We recall the definition of a pseudoeffective vector bundle. We adopt the definition in [BDPP] .
Definition 2.4. [BDPP, Definition 7.1 .] E is pseudo-effective if O P(E) (1) is pseudo-effective on P(E) and π B − (O P(E) (1)) X.
We point out the relationship between pseudo-effective and weakly positive in the sense of Nakayama and so on. (1) E is pseudo-effective.
(2) E is weakly positive in the sense of Nakayama.
Theorem 2.6. [BKKMSU, Definition 5 .1] The following are equivalent.
(1) E is weakly positive in the sense of Viehweg.
Theorem 2.7. [BKKMSU, Theorem 6 .4] The following are equivalent. 
Remark 2.8.
(1) "Weakly positive" used in [BKKMSU] means "weakly positive in the sense of Viehweg" used in this paper.
, we obtain the following implication.
V-big ⇒ weakly positive in the sense of Viehweg ⇒ pseudo-effective (3) By [BKKMSU, Proposition 3.2 
holds.
Singular Hermitian metrics.
Definition 2.9. [Dem3, Chapter 13 .] A function ϕ : X → [−∞, +∞) on a complex manifold X is said to be quasi-plurisubharmonic if ϕ is locally the sum of a psh function and of a smooth function.
Definition 2.10. [Dem3, Chapter 5.] For any quasi-psh function ϕ on a complex manifold X, the multiplier ideal sheaf J(e −ϕ ) is a coherent subsheaf of O X defined by
where U is an open coordinate neighborhood of x, and dλ is the standard Lesbegue measure in the corresponding open chart of C n . Let (L, h) be a holomorphic line bundle with a singular Hermitian metric with semipositive curvature current on X. The multiplier ideal sheaf J(h) of h is defined by
where h 0 is a some smooth metric on L.
Definition 2.11. [Dem3, Chapter 2.] For any quasi-psh function ϕ on a complex manifold X and a point x ∈ X, the Lelong number ν(ϕ, x) at x is defined by
Let (L, h) be a holomorphic line bundle with a singular Hermitian metric with semipositive curvature current on X. The Lelong number ν(h, x) of h at x is defined by
where h 0 is some smooth metric on L.
We point out J(h) and ν(h, x) do not depend on the choice of h 0 and − log(hh
We review the definitions of singular Hermitian metrics. Let H r be the set of r × r semipositive definite Hermitian matrixs andH r be the space of semipositive, possibly unbounded Hermitian forms on C r . Remark 2.13.
(1) We often say that h has Griffiths semipositive curvature in the sense that h is Griffiths semipositive, although a Griffiths semipositive singular Hermitian metric of a vector bundle does not always have curvature current with measure coefficients (see [Rau, Theorem 1.3 
]).
(2) In a previous version of [PT] , "positively curved" was used. However, in a published version of [PT] , "semipositively curved" was used instead of "positively curved". (3) If E is a line bundle, h is Griffiths semipositive iff h has semipositive curvature current.
Pȃun and Takayama proved that a direct image sheaf of a twisted relative canonical line bundle Moreover if the inclusion morphism
also has a Griffiths semipositive singular Hermitian metric.
Singular Hermitian metric on
In this section, we study a singular Hermitian metric on O P(E) (1) induced by a singular Hermitian metric on E. 
Proof. We will denote by π m : (1)). By [PT, Proposition 2.3.5] , O P(S m (E)⊗A) (1) can be endowed a singular Hermitian metric g m with semipositive curvature current. Therefore, we put g m ≔ π * m g m , which is a singular Hermitian metric with semipositive curvature current on
We fix a point x ∈ X. Since π
Lemma 3.2. Let X be a smooth projective n-dimensional variety, E be a holomorphic vector bundle of rank r on X and A be a line bundle on X. Assume there exist m ∈ N >0 and a point x ∈ X such that S m (E) ⊗ A is globally generated at x. Then there exist a singular Hermitian metric g with semipositive curvature current on O P(E) (m)⊗ π * A and a proper Zariski closed set Z ⊂ X such that g is smooth outside π −1 (Z).
Moreover if there exists a Zariski open set U ⊂ X such that S m (E)
⊗ A is globally generated at x for any x ∈ U, we can take Z such that Z ∩ U = ∅.
Proof. Let {U i } be a finite open cover of X such that U i is a coordinate neighborhood and π −1 (U i ) is biholomorphic to U i × P r−1 . We take a local holomorphic frame e 1 , . . . , e r of E on U i and a local holomorphic frame e A of A on U i . Let s 1 , . . . , s N be a basis on
. Write
where f jα are holomorphic function on U i and the sum is taken over
We define the singular Hermitian metric g with semipositive curvature current on
Example 3.14]). We will show that g is smooth outside π −1 (Z).
We will denote by e * 1 , . . . , e * r the dual frame on E * . The corresponding holomorphic coordinate
We will define the isomorphism by
and we may regard
for 1 ≤ l ≤ r − 1 and η r ≔ 1. In this setting, we have
and the local section
The local section e O P(E) (1) of P(E)(1) is defined by the dual of e O P(E) (−1) . Then we have
by using the isomorphism
Since g is defined by 1/( 1≤ j≤N |π
Therefore it is enough to show that
It is easily to check by the definition of Z and the standard linear algebra. The second statement is also easily proved by the definition of Z.
Corollary 3.3. Let X be a smooth projective n-dimensional variety, E be a holomorphic vector bundle of rank r on X and A be a line bundle on X. Assume there exist m, b ∈ N >0 and a point x ∈ X such that S
is globally generated at x. Then there exist a Griffiths semipositive singular Hermitian metric h on S m (E) ⊗ A and a proper Zariski closed set Z ⊂ X such that h is smooth outside Z. Moreover if there exists a Zariski open set U
b is globally generated at x for any x ∈ U, we can take Z such that Z ∩ U = ∅.
Proof. By Lemma 3.2 and dividing by b, there exist a singular Hermitian metric g with semipositive curvature current on
and the inclusion morphism
is generically isomorphism. By Theorem 2.14, S m (E) ⊗ A has a Griffiths semipositive singular Hermitian metric h such that h is smooth outside Z (see [HPS, Chapter 22] ).
The proof of the second statement is same as above.
Remark 3.4. In Corollary 3.3, h is Nakano semipositive outside Z by [Ber1, Section 2] 4. Proof of Theorem 1.2
In this section, we prove Theorem 1.2. First, we study a pseudo-effective vector bundle . 
Moreover if E satisfies the condition (C), then E is weakly positive at any x
Proof. (A) ⇒ (B). We take a point x ∈ X such that E is weakly positive at x and take an ample line bundle A such that A ⊗ det E * is ample. For any a ∈ N >0 , there exists b ∈ N >0 such that
b is globally generated at x. By Corollary 3.3, the proof is complete. (B) ⇒ (C). Clear. (C) ⇒ (A). We can prove by using the method of [PT, Proposition 2.3.5 and Lemma 2.3.6]. However for the completeness, we give a proof in another way. The proof will be divided into 3 steps.
Step 1. Prelude We fix an ample line bundle H. By Siu's Theorem [Dem3, Corollary 13.3] , the set Z k ≔ {z ∈ X : ν(det h k , z) ≥ 2)} is a proper Zariski closed set. We fix a point x ∈ X \ ∪ k Z k . We take a local coordinate (U; z 1 , · · · , z n ) near x. Let ϕ = η(n + 1) log |z − x| 2 , where η is a cut-off function such that η ≡ 1 near x. Let h H be a positive smooth Hermitian metric on H. We take b ∈ N >0 such that
, it is enough to show that the restriction map
is surjective for any a ∈ N >0 .
Step 2. Taking a singular Hermitian metric
Since S 2ab+r (E) ⊗ A has a Griffiths semipositive singular Hermitian metric h 2ab+r , by Lemma 3.1, O P(E) (2ab + r) ⊗ π * A has a singular Hermitian metric g 2ab+r with semipositive curvature current. By Skoda's theorem [Dem3, Lemma 5.6] and Lemma 3.1, there exist a open set x ∈ V ⊂ X and a positive constant C such that
det h 2ab+r ∈ L 1 (V), and (3) ϕ = (n + 1) log |z − x| 2 holds on V.
, and ψ ≔ n n+1 π * ϕ. Then the following conditions hold.
( Step 3. Global extension by an L 2 estimate We fix a Kähler form ω P(E) on P(E). If necessarily we take V small enough, we may assume
We take a cut-off function ρ on V such that
(1) ρ = 1 near x, and (2) inf supp(∂ρ) ϕ > −∞.
We put ρ ≔ π * ρ. We solve the global ∂-equation ∂F = ∂( ρs V ) with the weight ge −ψ .
First, we have
where C 1 is some positive constant. Similarly, it is easy to check ∂( ρs V ) 2 g,ω P(E) < +∞. Therefore
∂( ρs V ) gives rise to a cohomology class [∂( ρs V )] which is [∂( ρs
Second, we have
where C 2 is some positive constant. Therefore ∂( ρs V ) is a ∂-closed (n + r − 1, 1) form with L value which is square integrable the weight of ge −ψ .
By the injectivity theorem in [CDM, Theorem 1.5], the natural morphism
Hence we obtain a (n + r − 1, 1) form F with L value which is square integrable with the weight ge −ψ such that ∂F = ∂( ρs V ).
We will show that F| π −1 (x) ≡ 0. To obtain a contradiction, we assume F(z) 0 for some point 
where C 4 and C 5 are some positive constant. This is a contradiction. Therefore we put
= s, which completes the proof. Therefore, E is weakly positive at any x ∈ X \ ∪ k Z k .
Remark 4.2. By the easy observation, the following are equivalent.
(A) E is pseudo-effective. (B') There exists an ample line bundle A such that S k (E) ⊗ A has a Griffiths semipositive singular Hermitian metric h k for any k ∈ N >0 . Moreover, for any k ∈ N >0 , there exists a proper Zariski closed set Z k ⊂ X such that h k is smooth and Nakano semipositive outside Z k . (C') For any ample line bundle A, there exists c ∈ N >0 such that S k (E) ⊗ A c has a Griffiths semipositive singular Hermitian metric for any k ∈ N >0 .
By the same argument, we have the following theorem.
Theorem 4.3. Let X be a smooth projective n-dimensional variety and E be a holomorphic vector bundle of rank r on X. The following are equivalent. (A) E is weakly positive in the sense of Viehweg. (B) There exist an ample line bundle A and a proper Zariski closed set Z ⊂ X such that S k (E) ⊗ A has a Griffiths semipositive singular Hermitian metric h k for any k ∈ N >0 and h k is smooth outside Z. (C) There exist an ample line bundle A and a proper Zariski closed set Z ⊂ X such that S k (E) ⊗ A has a Griffiths semipositive singular Hermitian metric h k for any k ∈ N >0 and
Proof. (B) ⇒ (C) is clear. The proof of (C) ⇒ (A) is similar. We give a proof of (A) ⇒ (B). By the definition, there exists a Zariski open set U such that E is a weakly positive at any x ∈ U.
We take an ample line bundle A such that A ⊗ det E * is ample. We fix a ∈ N >0 , then we have
We take b ∈ N >0 such that
b is globally generated at any x ∈ U. By Corollary 3.3, the proof is complete.
We point out if E satisfies the condition (C), then E is weakly positive at any x ∈ X \ Z. Next, we treat V-big vector bundles. Moreover, there exists a proper Zariski closed set Z k such that h k is smooth outside Z k . Therefore we take k ∈ N >0 such that A k ⊗ H −1 is ample, which completes the proof. Remark 4.5. By using Takayama's local ampleness criterion [Tak] , we can easily to show that (B) ⇒ (A) in Corollary 4.4. If E satisfies the condition (B), E is dd-ample at any x ∈ X \ Z.
The following corollary was already proved in [PT] . We give another proof. Corollary 4.6. [PT, Proposition 2.3.5] 1 Let X be a smooth projective variety and E be a holomorphic vector bundle on X. If E has a Griffiths semipositive singular Hermitian metric h, E is weakly positive at any x ∈ {z ∈ X : ν(det h, z) = 0}. In particular, E is weakly positive in the sense of Nakayama.
Proof. Since E has a Griffiths semipositive singular Hermitian metric, S k (E) also has a Griffiths semipositive singular Hermitian metric S k (h) for any k ∈ N >0 induced by h. Therefore, for any ample line bundle, S k (E) ⊗ A has a Griffiths semipositive singular Hermitian metric S k (h)h A , where h A is a smooth metric with positive curvature on A. Since we have
E is weakly positive at any x ∈ {z ∈ X : ν(det h, z) = 0} by Theorem 4.1.
Remark 4.7. By Hosono [Hos, Example 5.4 ], there exists a nef vector bundle E H such that E H does not have a Griffiths semipositive singular Hermitian metric. Therefore, weakly positive in the sense of Nakayama (Viehweg) does not always imply the existence of a Griffiths semipositive singular Hermitian metric. E H is obtained as follows.
Let C be a elliptic curve. E H is defined by the nontrivial exact sequence of vector bundles:
We 
where b is some real number. Since a singular Hermitian metric h satisfies the condition 0 < det h < +∞ almost everywhere, this is a contradiction. Hence E H does not have a Griffiths semipositive (seminegative) singular Hermitian metric.
Finally, we study a nef vector bundle. 
Proof. (⇒)
We assume E is nef. We take an ample line bundle H on X such that H ⊗ det E * is ample. By [Har, Section 2.7] , there exists
has a Griffiths semipositive smooth Hermitian metric for any k ∈ N >0 . We put
Hence we finish the proof of Theorem 1.2.
Example 4.9 (Cutkosky's criterion). Let X be a smooth projective variety and L 1 , . . . , L r be holomorphic line bundles. The vector bundle E is defined by E ≔ ⊕ r i=1 L i . By [Laz, Chapter 2.3 .B], we have the following criterions.
(1) E is ample if and only if any L i is ample.
(2) E is nef if and only if any L i is nef.
We give a generalization of Cutkosky's criterion of V-big and pseudo-effective. Lemma 4.10.
(
1) E is V-big if and only if any L i is big. (2) E is pseudo-effective if and only if any L i is pseudo-effective. Moreover E is pseudoeffective if and only if E has a Griffiths semipositive singular Hermitian metric.
Proof.
(1) (⇒) If E is V-big, then there exist an ample line bundle A, c ∈ N >0 and a Zariski open set U such that S c (E) ⊗ A −1 is globally generated at any
is globally generated at any x ∈ U, and consequently we have
(1) (⇐) Let A be an ample line bundle and h A be a smooth metric with positive curvature on A such that ω = √ −1Θ A,h A is a Kähler form on X. Since L i is big, there exist a singular Hermitian metric h i and positive number
We define a singular Hermitian metric h on E by h = ⊕ r i=1 h i . We take c ∈ N >0 such that min 1≤i≤r ǫ i > 2/c. Then S c (E) ⊗ A −1 has a Griffiths semipositive singular Hermitian metric S c (h)h A , which completes the proof. (2) (⇒) We fix x ∈ X such that E is weakly positive at x. For any ample line bundle A and a ∈ N >0 there exists b ∈ N >0 such that S ab (E) ⊗ A ⊗b is globally generated at x, and consequently
(2) (⇐) Since L i is pseudo-effective, L i has a singular Hermitian metric h i with semipositive curvature current. We put h = ⊕ r i=1 h i , which is a Griffiths semipositive singular Hermitian metric on E. Therefore by Corollary 4.6, E is pseudo-effective.
On the case of torsion-free coherent sheaves
We study torsion-free coherent sheaves in this section. Let X be a smooth projective variety and F 0 be a torsion-free coherent sheaf on X.
Definition 5.1. [Vie1] [Vie2] [Nak] (1) F is dd-ample at x ∈ X ( "ample modulo double-duals" ) if there exist b ∈ N >0 and an ample line bundle A on X such that S b (F ) ⊗ A −1 is globally generated at x.
(2) F is weakly positive at x ∈ X if for any a ∈ N >0 and for any ample line bundle A, there exists b ∈ N >0 such that S ab (F ) ⊗ A b is globally generated at x. We recall the definition of a singular Hermitian metric on a torsion-free coherent sheaf. We will denote by X F the maximal Zariski open set where F is locally free. We point out F | X F is a vector bundle on X F and codim(X \ X F ) ≥ 2. 
These are well-defined definitions (see [PT, Remark 2.4.2] ). Now, we prove Theorem 1.3.
Proof. We put E ≔ F | X F , which is a vector bundle on X F . Since S k (F ) ⊗ A is reflexive for any k ∈ N >0 , by [Ishi, Chapter 5] , we have
(1)(⇒). We assume that F is weakly positive in the sense of Nakayama. We take a point x ∈ X F such that F is weakly positive at x and take an ample line bundle A such that
b is globally generated at x. Therefore by 5.1, the vector bundle
By the argument of Corollary 3.3, there exists a Griffiths semipositive singular Hermitian metric h on ( S k (F ) ⊗ A)| X F = S k (E) ⊗ A (h is smooth outside a countable union of proper Zariski closed sets). From codim(X \ X F ) ≥ 2, h extends to X ( S k (F )⊗A) by [Paun, Remark 2.18] . Therefore S k (F ) ⊗ A has a Griffiths semipositive singular Hermitian metric h.
(1)(⇐). From X F ⊂ X ( S k (F )⊗A) for any k ∈ N >0 , the vector bundle S k (E) ⊗ A on X F has a Griffiths semipositive singular Hermitian metric on for any k ∈ N >0 . By using the argument of the proof of (C) ⇒ (A) in Theorem 4.1, there exists a point x ∈ X F such that E is weakly positive at x. (We use Demailly's L 2 estimate on a complete Kähler manifold [Dem1, Theorem 5.1 ] instead of the injectivity theorem in [CDM] since X F may not be a weakly 1-complete. See also [PT, Theorem 2.5.3] or [Tak, Lemma 2.4] ). By (5.1), F is weakly positive in the sense of Nakayama.
(2) The proof is similar to (1) and the proof of Theorem 4.3. (We can take h k such that h k is smooth on U ∩ X F if F is weakly positive at any point x ∈ U.) (3)(⇒). The proof is similar to the proof of (⇒) in (1). (⇐). By the Corollary 4.6 and (1), S 2k (F ) ⊗ A −1 is weakly positive at x ∈ X F . Therefore there
is globally generated at x, which completes the proof.
We give an application of Theorem 1.3. If a torsion-free coherent sheaf F has a Griffiths semipositive singular Hermitian metric h, then F is weakly positive in the sense of Nakayama. Moreover if there exists a Zariski open set U such that h is continuous on U ∩ X F , then F is weakly positive at any x ∈ U ∩ X F .
Let f : X → Y be a surjective morphism between smooth projective varieties. Then for any m ∈ N >0 , f * (mK X/Y ) has a Griffiths semipositive singular Hermitian metric h mNS such that h mNS is continuous over the regular locus of f by [PT, Theorem 1.1] or [HPS, Theorem 27 .1]. Therefore, f * (mK X/Y ) is weakly positive at any point in the regular locus of f . This fact was already proved in [PT, Theorem 5 
6. Lelong number of a singular Hermitian metric on a vector bundle
The Lelong number of a singular Hermitian metric on a vector bundle was defined by Berndtsson [Ber2] . Based on the Berndtsson work, we define a new Lelong number.
Let U be a unit ball in C n , E = U × C r , h be a Griffiths semipositive singular Hermitian metric. We take a standard frame e 1 , · · · , e r of E. Then we have P(E) = U × P r−1 and O P(E) (1) can be endowed with a singular Hermitian metric g with semipositive curvature current induced by h. We have g = e −ϕ(z,W) , where ϕ(z, W) is a quasi-plurisubharmonic function on U × P r−1 .
Definition 6.1. We will denote by ν(ϕ, (0, W)) the Lelong number ϕ at (0, W). We define the folloing number.
We explain more explicitly. Let h * = (h * i j ) be the dual metric of h on E. We take the chart {[W 1 : · · · : W r ] ∈ P r−1 : W r 0} of P(E). As in Lemma 3.2, we define the isomorphism by
and we may regard U × {W r 0} as
Then the dual metric g * = e ϕ on O P(E) (−1) is written by
Therefore we have
for any W ∈ {W r 0}. In this setting, we explain the relationship with the Lelong number defined by Berndtsson [Ber2] . For any a = (a 1 , · · · , a r ) ∈ C r \ {0}, we write u a = 1≤i≤r a i e * i . The Lelong number of h * at 0 in the direction u a is defined by
From log |u a | 2 h * = log( 1≤i, j≤r h * i j (z)a iā j ), we have the following corollary. Corollary 6.2. In the above setting, the following hold.
Proof. The first equality of (1) is clear. By [Dem4, Theorem 7 .13] we have the second inequality of (1) and (2).
We prove (3). By (1), we have ν inf (h, 0) ≤ inf (a 1 ,··· ,a r )∈C r \{0} γ h * (u a , 0). By [Dem3, Lemma 2.17], we have
for general a = (a 1 , · · · , a r ) ∈ C r \ {0}. Therefore by using (2), the proof is complete.
Higher rank analogy of Boucksom's non-Kähler locus
We introduce the non-Kähler locus on vector bundles.
Definition 7.1. Let X be a smooth projective n-dimensional variety and E be a holomorphic vector bundle of rank r on X.
(1) For any k ∈ N >0 and any ample line buundle, we set
where the cap is taken over all k ∈ N >0 and all ample line bundle A. By Theorem 1.2, this locus is well-defined. This is a higher rank analogy of Boucksom's non-Kähler locus [Bou] . In this section, we prove the following theorem. Theorem 7.2. If E is V-big, L nK (E) = B + (E) holds .
Therefore, we give a characterization of the augumented base locus by using singular Hermitian metrics on vector bundles and the Lelong number.
Before the proof, we recall a singular Hermitian metric induced by holomorphic sections, proposed by Hosono [Hos, Chapter 4] . We assume that E is a globally generated at general point. Let s 1 , . . . , s N ∈ H 0 (X, E) be holomorphic sections. We take a local coordinate U and take a local holomorphic frame e 1 , . . . , e r of E on U. Proof. The N × r matrix A is defined by A α j = f α j as in Lemma 3.2. By the standard linear algebra, we have Bs(E) ∩ U = {x ∈ U : rank A(x) < r}.
Let g = e −ϕ be a singular Hermitian metric with semipositive curvature current on O P(E) (1) induced by h s . By the argument of Section 6, we have ν(ϕ, (z, W)) = ν(log( j,k≤r,1≤α≤N f α j W j f αk W k ), (0, W)).
If ν sup (h s , x) > 0, there exists a ∈ P r−1 such that ν(ϕ, (x, a)) > 0. We obtain 1≤ j,k≤r,1≤α≤N f α j (x)a j f αk (x)a k = 0, and consequently we have 1≤ j≤r f α j (x)a j = 0 for any 1 ≤ α ≤ N. Hence we have rank A(x) < r, therefore x ∈ Bs(E) holds. Now, we prove the Theorem 7.2.
Proof. First, we show that L nK (E) ⊂ B + (E). We take a sufficiently ample line bundle A such that B + (E) = q∈N >0 B(S q (E) ⊗ A −1 ) by [BKKMSU, Remark 2.7] . It is enough to show that For inverse inclusion, we take a point x L nK (E). There exist k ∈ N >0 , an ample line bundle H, and a Griffiths semipositive singular Hermitian metric h on S k (E) ⊗ H such that ν sup (h, x) = 0. We will show that x B + (E), more precisely, there exists q ∈ N >0 such that S q (E) ⊗ A −1 is globally generated at x. This proof is similar to the proof of Theorem 4.1. We take a local coordinate (U; z 1 , · · · , z n ) near x. Let φ = η(n + 1) log |z − x| 2 , where η is a cut-off function such that η ≡ 1 near x. and we put ψ ≔ We will denote by g the singular Hermitian metric with semipositive curvature current on O P(E) (k) ⊗ H −1 induced by h. From ν sup (h, x) = 0, there exists a open set x ∈ V ⊂⊂ Usuch that g 2m is integrable on π −1 (V) by Skoda's Theorem and the definition of ν sup .
We put L ≔ O P(E) (2km) ⊗ π * H −2m ⊗ O P(E) (r) ⊗ π * (A ⊗ K −1 X ⊗ det E * ⊗ H m ). Then we have O P(E) (2km)⊗ A −1 = K P(E) ⊗O P(E) (2km)⊗π * H −2m ⊗O P(E) (r)⊗π
